
PHYSICAL REVIEW D 70, 024001 ~2004!
Properties of information carrying waves in cosmology
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Mathematical Physics Department, National University of Ireland Dublin, Belfield, Dublin 4, Ireland

~Received 9 March 2004; published 13 July 2004!

Recently we studied the effects of information carrying waves propagating through isotropic cosmologies.
By information carrying we mean that the waves have an arbitrary dependence on a function. We found that the
waves introduce shear and anisotropic stress into the universe. We then constructed explicit examples of pure
gravity wave perturbations for which the presence of this anisotropic stress is essential and the null hypersur-
faces playing the role of the histories of the wavefronts in the background space-time are shear free. Motivated
by this result we now prove that these two properties are truefor all information carrying wavesin isotropic
cosmologies.
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I. INTRODUCTION

In a recent paper@1# the propagation of shear-free grav
tational waves through isotropic universes was studied u
the gauge-invariant and covariant formalism of Ellis a
Bruni @2#. In this approach the waves are represented a
perturbation of the Robertson-Walker space-time. The gr
tational waves studied also had the property that they co
carry arbitrary information. By this we mean that the Elli
Bruni gauge-invariant variables had an arbitrary depende
on a function.

It was found that the consistency of the partial different
equations governing the perturbations requires that all ga
invariant perturbed quantities must vanish except for the p
turbed shear of the matter world lines and the anisotro
stress of the matter distribution. A wave equation for t
perturbed shear was derived. In addition the perturbed s
was shown to satisfy a propagation equation along the
rays associated with the gravitational waves@see Eqs.~2.7!
and ~2.8! below#.

For pure gravitational radiation~i.e. the perturbed Wey
tensor is typeN in the Petrov classification! explicit ex-
amples were constructed for which it was shown~using the
wave equation and the propagation equation! that the pres-
ence of the anisotropic stress is essential and the hype
faces playing the role of the histories of the wavefronts
shear free. We now prove that these two properties are tru
general and are not in any way dependent on the exam
constructed.

The paper is organized as follows: The notation used
some useful equations are given in the Appendix and refe
to where appropriate. In Sec. II we outline the results
tained in @1# which we use in the paper. The first of ou
results is also given in this section. The elements of
Newman-Penrose formalism necessary for this problem
described in Sec. III and the main result is derived in Sec.
The paper ends with a summary of the results of Secs. III
IV.

*Email address: emer.oshea@ucd.ie
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II. EQUATIONS GOVERNING GRAVITATIONAL WAVES

Throughout this paper we shall use the notation and s
conventions of@3#. For convenience these have been brie
outlined in the Appendix. We are concerned with a four
mensional space-time manifold with metric tensorgi j in a
local coordinate systemxi and a preferred congruence o
world lines tangent to the unit vector fieldui ~with uiui

521). The decompositions of the symmetric energ
momentum-stress tensorTi j and the Weyl tensor with respec
to this 4-velocity field, along with definitions of the kine
matical quantitiess i j , v i j , u, can be found in the Appendix

In a recent paper@1# we used the gauge-invariant an
covariant approach of Ellis and Bruni@2# to construct gravi-
tational wave perturbations of Robertson-Walker spa
times. The background metric tensor is thus the Roberts
Walker metric, the background energy-momentum-str
tensor is Eq.~A9! specialized to a perfect fluid~i.e. with qi

505p i j ) with fluid 4-velocity ui and the background Wey
tensor vanishes. The Ellis-Bruni approach involves work
in a general local coordinate system with gauge-invari
small quantities rather than small perturbations of the ba
ground metric. These quantities have the property that t
vanish in the background space-time. For isotropic spa

times the Ellis-Bruni variables ares i j , u̇i , v i j , Xi5hi
jm , j ,

Yi5hi
j p, j , Zi5hi

ju , j , p i j , qi , Ei j andHi j ~see the Appen-
dix for definitions of these variables!. We found that it is
tensor quantities that describe gravitational wave pertur
tions and thus we can set all Ellis-Bruni variables equal
zero except forp i j , s i j , Ei j andHi j . The equations satis
fied by these variables are obtained by projections, in
direction of and orthogonal to the 4-velocityui , of the equa-
tions of motion and the energy conservation equation c
tained inTi j

; j50, the Ricci identities and the Bianchi iden
tities ~see the Appendix!. These projections give rise to
lengthy list of equations which can be found in@1#.

We specialized to a particular class of gravitational wav
namely those which can be viewed as carrying arbitrary
formation. To incorporate this into the Ellis-Bruni setup w
required that the gauge-invariant small quantities have
arbitrary dependence on a function. Specifically we assu
that
©2004 The American Physical Society01-1
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p i j 5P i j F~f!, s i j 5si j F~f!, ~2.1!

whereF is an arbitrary real-valued function of its argume
f(xi). This idea of introducing arbitrary functions into solu
tions of Einstein’s equations describing gravitational wav
goes back to work by Trautman@4# and this form for the
Ellis-Bruni variables was first used by Hogan and Ellis@5#.
Using the projections of the Ricci identities withv i j 50
5u̇i we can write

Ei j 5
1

2
p i j 1

2

3
s2hi j 2

2

3
us i j 2s iksk

j2hi
khj

l ṡkl ~2.2!

and

Hi j 52hi
khj

l s (k
p;qh l )rpqur . ~2.3!

Thus these variables are derived froms i j and p i j and it is
not necessary to make any extra assumptions about thei
pendence onF(f). We note thatP i j , si j are orthogonal to
ui and trace free with respect to the background metricgi j .

Substituting Eq.~2.1! into the linearized versions of th
equations satisfied by these variables we find thatsi j andP i j

are orthogonal to the gradient off and divergent free; i.e.
we have

si j f , j50, P i j f , j50 ~2.4!

and

si j
; j50, P i j

; j50. ~2.5!

Also, with ḟªf ,iu
iÞ0, consistency of the equations r

quires that

gi j f ,if , j50, ~2.6!

wheregi j is the background metric. This means that the h
persurfacesf(xi)5const in the background isotropic spac
time playing the role of the histories of the wavefronts m
be null. The wave equation forsi j ,

si j ;k
;k2

2

3
u ṡi j 2S 1

3
u̇1

4

9
u2D si j 1S p2

1

3
m0D si j

52Ṗ i j 2
2

3
uP i j , ~2.7!

and propagation equation forsi j along the null geodesic
tangent tof ,i ,

si j ;kf
,k1S 1

2
f ,k

;k2
1

3
uḟ D si j 52

1

2
ḟP i j , ~2.8!

are consequences of the Ricci identities. We have usedm0
here to denote the energy density of the cosmic fluid to av
confusion with the spin coefficientm used in the next sec
tion. The internal consistencies of these equations w
checked in@1#. Substituting Eq.~2.1! into Eqs. ~2.2! and
~2.3! we find that the electric and magnetic parts of the W
tensor are now given by
02400
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Ei j 5S 1

2
P i j 2 ṡi j 2

2

3
usi j DF2ḟsi j F8 ~2.9!

and

Hi j 52s( i
l ;mh j )klmukF2s( i

lh j )klmukf ,mF8 ~2.10!

whereF85]F/]f.
We are interested here in pure gravitational wave per

bations, i.e. perturbations which have pure typeN perturbed
Weyl tensor in the Petrov classification. It is easily check
using Eq.~2.4! that theF8 parts ofEi j and Hi j above are
automatically typeN with degenerate principal null directio
f ,i . However theF parts ofEi j and Hi j are not in general
type N and so to describe pure gravitational wave pertur
tions we require~see@1#! that

ṡi j f , j50, si j f ,i
;k2sikf ,i

; j50. ~2.11!

Making use of the null tetradki52ḟ21f ,i , l i5ui2
1
2 ki ,

andmi , m̄i a complex covariant vector field and its comple
conjugate chosen so that they are null (mimi505m̄im̄i), are
orthogonal toki andl i and satisfymim̄i51 we find that~see
@1#! the conditions~2.11! are equivalent to

sf ,i ; j m̄
i l j50 ~2.12!

and

s̄f ,i ; jm
imj5sf ,i ; j m̄

im̄j . ~2.13!

In terms of the tetrad we can writesi j as ~becausesi j uj
50, si

i50, si j f , j50 and sosi j kj50 andsi j l j50)

si j 5 s̄mimj1sm̄im̄j , ~2.14!

where usu25 1
2 si j si j . For future use we point out here tha

P i j can be expressed on the tetrad in a similar way: nam

P i j 5P̄mimj1Pm̄im̄j . ~2.15!

We emphasize that we are usingP here for the complex
component ofPab to avoid confusion with the spin coeffi
cient p appearing in the next section. Taking the divergen
of the first equation of Eqs.~2.4! and substituting forsi j from
Eq. ~2.14! yields ~sincesi j

; j50)

~ s̄mimj1sm̄im̄j !f , j ; i50. ~2.16!

Comparing this with Eq.~2.13! it is clear that for consistency
~with sÞ0) we must have

f ,i ; jm
imj50. ~2.17!

Thus the hypersurfacesf(xi)5const which play the role of
the histories of the wavefrontsmust be shear free. With s
Þ0, Eq. ~2.12! becomes

f ,i ; j m̄
i l j50. ~2.18!
1-2
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This condition corresponds to the vanishing of the spin
efficientst,n which we shall make use of in the next sectio

III. NEWMAN-PENROSE FORMALISM

For the remainder of the paper we seek to demonst
that the presence of anisotropic stress in the perturbed sp
time is essential for the existence of pure gravitatio
waves. We find the most effective way to do this is to ma
use of the Newman-Penrose formalism. A comprehensive
scription of this formalism can be found in@6#. Specifically
we choose the tetrad described after Eq.~2.11! and we label
the vectors as follows:

D5ki] i5e1
i ] i , D5 l i] i5e2

i ] i ,

d5mi] i5e3
i ] i , d* 5m̄i] i5e4

i ] i . ~3.1!

The spin coefficients~Ricci rotation coefficients! are de-
noted bygabc52gbac . It follows from Eq.~2.17! that ki is
shear free~i.e. ki ; jm

imj50) and a simple calculation usin
the fact that we can writeḟ ,b5(f ,b) .1 1

3 uhb
cf ,c shows that

ki is also geodesic withki
; j k

j5 1
3 uki . As a consequence o

these properties the spin coefficientsk, s, l andp vanish.
We again point out thatp here is not to be confused with th
complex componentP of P i j . As previously mentioned af
ter Eq. ~2.18! the spin coefficientsn and t also vanish.
Therefore, for the problem at hand the only non-zero ba
ground spin coefficients arer,m,g,e,a,b with

r52
1

2
ḟ21f ,a

;a , ~3.2!

m5
1

2
r2

1

3
u, ~3.3!

e5
1

2
~g2111g341!, ~3.4!

g5
1

2
~g2121g342!, ~3.5!

a5
1

2
~g2141g344!, ~3.6!

b5
1

2
~g2131g343!. ~3.7!

Using gabc52gbac and noting that the 4-acceleration va
ishes in the background we find that

g1g* 5
1

6
u, e1e* 52

1

3
u, ~3.8!

where, following Chandrasekhar, the star denotes com
conjugation. In additionf is a real-valued function and thu
r andm are real and we have

r2r* 50, m2m* 50. ~3.9!
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We will use these facts in the next section when we exam
the wave equation~2.7! and the propagation equation~2.8! in
this formalism.

In the tetrad formalism the Ricci identities~A7! read

Rabcd52gabc,d1gabd,c1gba f~gc
f
d2gd

f
c!1g f acgb

f
d

2g f adgb
f
c , ~3.10!

whereRabcd are the tetrad components of the Riemann t
sor. An alternative expression for these components is gi
via the definition of the tetrad components of the Weyl te
sor: namely,

Rabcd5Cabcd1
1

2
~hacRbd2hbcRad2hadRbc1hbdRac!

2
1

6
~hachbd2hadhbc!R. ~3.11!

Here Rab5Ri j ea
i eb

j are the tetrad components of the Ric
tensor,R5m023p is the Ricci scalar andhabªea

i eib50
except forh125h2152h3452h43521. In general we la-
bel tetrad components of tensors usinga,b,c, . . . and coor-
dinate components usingi , j ,k, . . . . Making use of Eqs.
~A8! and ~A9! we find that the tetrad components of th
background perfect fluid can be written in the form

Rab5~m01p!uaub1
1

2
~m02p!hab , ~3.12!

where ua5uiea
i with ui5 l i1

1
2 ki and thus ua

5(21,2 1
2 ,0,0). Hereua are the tetrad components of th

4-velocity of a fluid particle,m0 is the proper density andp is
the isotropic pressure. We shall always assume thatm01p
Þ0 so thatRab has a unique time-like eigenvector. Evalua
ing the various components of the Riemann tensor using b
Eqs. ~3.10! and ~3.11! ~we use the commutation relation
involving the operatorsD,D,d,d* to do this! and then equat-
ing the two different expressions obtained yields the follo
ing 12 equations for the derivatives of thebackgroundspin
coefficients:

Dr52r22~e1e* !2
1

2
~m01p!, ~3.13!

Da2d* e52a~r1e* 22e!1b* e, ~3.14!

Db2de5b~e* 2r* !1ea* , ~3.15!

Dg2De52eg1eg* 1e* g2
1

12
m02

1

4
p, ~3.16!

Dm52mr* 1m~e1e* !1
1

4
p2

1

12
m0 , ~3.17!

dr52r~a* 1b!, ~3.18!
1-3
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da2d* b52mr2aa* 2bb* 12ab2
1

6
m0 , ~3.19!

d* m5m~a1b* !, ~3.20!

Dm5m21m~g1g* !1
1

8
~m01p!, ~3.21!

dg2Db52bg1a* g2mb2bg* , ~3.22!

Dr5rm* 2r~g1g* !2
1

4
p1

1

12
m0 , ~3.23!

Da2d* g5m* a2b* g2ag* . ~3.24!

As a result of the fact that so many of the background s
coefficients are zero, the remaining Ricci identities give
further information. We note that we have made use of
vanishing of the background Weyl tensor in this calculatio
Also for clarity we refrain from substituting for the spin co
efficients from Eqs.~3.2!–~3.7! until the very end.

Under the~class III! rotation

kj→kj , l j→ l j , mj→eiwmj , m̄j→e2 iwm̄j , ~3.25!

where w is a real function, the non-zero spin coefficien
transform as

r→r, ~3.26!

m→m, ~3.27!

g→g1
1

2
iDw, ~3.28!

e→e1
1

2
iDw, ~3.29!

a→e2 iwa1
1

2
ie2 iwd* w, ~3.30!

b→eiwb1
1

2
ieiwdw. ~3.31!

From these transformations we see that we can in princ
rotate awaye2e* , g2g* and a2b* ~that is, we can as-
sumee,g are real anda5b* ) provided the functionw sat-
isfies

Dw5 i ~e2e* !, Dw5 i ~g2g* !, dw5 i ~a2b* !.
~3.32!

However, before we impose these conditions we need
check that they are consistent with each other and with
other equations. Suppose the first of these two conditi
hold. Using Eq.~3.16! we find

DDw2DDw52i ~eg2e* g* ! ~3.33!
02400
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and it is straightforward to check that this agrees with one
the standard commutation relations. Thus we can sete2e*
50 andg2g* 50 without imposing any extra conditions. I
we assume that the third equation of Eqs.~3.32! holds, then
Eq. ~3.19! and the commutation relation involving@d,d* #
are consistent only if we have

m* r* 1mr52
1

3
m0 . ~3.34!

Sincem,r are real, this simplifies to

2mr52
1

3
m0 . ~3.35!

Replacingm here by Eq.~3.3! yields the quadratic equation

3r222ur1m050. ~3.36!

In order to haver real we require

u2>3m0 . ~3.37!

Hereu is the expansion of the universe withu53Ṙ/R where
R(t) is the scale factor of the general Robertson-Walker l
element and the overdot indicates differentiation with resp
to t. Using the background Einstein equationsGi j 5(m0
1p)uiuj1pgi j , whereGi j is the Einstein tensor, we obtai
the background Friedmann equation

u253m02
9k

R~ t !2
, ~3.38!

where k50,61 is the Gaussian curvature of the homog
neous space-like hypersurfacest5const. Comparing this
with Eq. ~3.37! we see that if we impose Eq.~3.34! we can-
not continue to study universes withk511. However, in@1#
we constructed examples of information carrying wav
propagating through such universes and so we shall not in
on havinga2b* 50. Thus from this point we assume on
that we can setg2g* 50 and e2e* 50 without loss of
generality.

We complete this section by listing~in terms of the spin
coefficients! some derivatives of the tetrad vectors which w
use extensively in the next section:

mi ; jm
j5~a* 2b!mi , ~3.39!

m̄i ; jm
i5~a2b* !mj1~b2a* !m̄j , ~3.40!

mi ; j m̄
j52m* ki1r l i1~b* 2a!mi , ~3.41!

ki ; j l
j52~g1g* !ki , ~3.42!

mi ; j k
j50, ~3.43!

mi ; j l
j50. ~3.44!
1-4



o

n

te

im

ve

he

le

it
ess
ro

q.

rav-
lly

PROPERTIES OF INFORMATION CARRYING WAVES IN . . . PHYSICAL REVIEW D70, 024001 ~2004!
IV. KEY RESULT

We now have all the equations necessary to derive
result from the wave equation~2.7! for si j using the propa-
gation equation~2.8! and the divergence-free condition~2.5!.
To begin with we examine the divergence-free conditio
Writing this condition in tetrad formalism using Eq.~2.14!
and then contracting withmi yields

d* s522~a2b* !s. ~4.1!

Thus we now have an expression for the derivative ofs in the
direction ofm̄i . In terms of the spin coefficients we can wri

u5
3

2
r23m ~4.2!

and

f ,i
; i522ḟr. ~4.3!

Multiplying the propagation equation~2.8! by mimj and us-
ing these expressions we arrive at~since f ,i52ḟki) the
following equation for the derivative ofs in the direction of
ki :

Ds5S m2
3

2
r D s1

1

2
P. ~4.4!

Similarly we multiply the wave equation~2.7! by mimj and
this yields

si j ;k
;kmimj2

2

3
u ṡi j mimj2S 1

3
u̇1

4

9
u2D s1S r2

1

3
m0D s

52Ṗ i j mimj2
2

3
uP. ~4.5!

Writing si j ;k
;k as gklsi j

;kl and using Eq.~2.14! we can@on
substitution from Eqs.~3.39!–~3.44!# write the first term of
this wave equation as

si j ;k
;kmimj52@d~d* s!2D~Ds!#22~g1g* 2m!Ds

12sd~a2b* !12~b2a* !d* s14~a

2b* !ds12sd* ~b2a* !22r* Ds18~b

2a* !~a2b* !s22~m* r* 1mr!s. ~4.6!

ReplacingDs here by Eq.~4.4!, d* s by Eq. ~4.1! and using
Eq. ~3.19! to write d* a2db ~and its complex conjugate! in
terms of undifferentiated spin coefficients this equation s
plifies to

si j ;k
;kmimj5F22Dm13Dr22S 1

6
u2m D S m2

3

2
r D Gs

1
2

3
uDs1

2

3
m0s2S 1

6
u2m DP2DP.

~4.7!
02400
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We have also used Eqs.~3.8!, ~3.9! and ~4.2! to write the
equation in this form.

We now turn our attention to the second term of the wa
equation~4.5!. As a consequence of Eq.~2.14! we have

ṡi j mimj5 ṡ12sṁ̄imi , ~4.8!

where the overdot indicates covariant differentiation in t
direction of the 4-velocityui . Writing out this derivative ex-
plicitly ~i.e. writing ṡ5s; iu

i) and noting thatui5 l i1 1
2 ki the

above equation becomes~on account ofg2g* 5e2e*
50)

ṡi j mimj5Ds1
1

2
Ds. ~4.9!

The anisotropic stressP i j satisfies the same equations assi j

@cf. Eqs.~2.4! and ~2.5!# and thus we also have

Ṗ i j mimj5DP1
1

2
DP. ~4.10!

Now reconstructing the wave equation~4.5! using Eqs.~4.7!,
~4.9! and ~4.10! yields

F3Dr22Dm22S 1

6
u2m D S m2

3

2
r D2

1

3
uS m2

3

2
r D Gs

1S p1
1

3
m0D s2S 1

3
u̇1

4

9
u2D s

52
1

2
DP2

1

3
uP2m0P. ~4.11!

The background Raychaudhuri equation is

u̇52
1

3
u22

1

2
~m013p!. ~4.12!

Making use of this, the expressions forDm andDr given by
Eqs.~3.21! and~3.23! respectively and Eq.~4.2! we find that
the wave equation~4.11! reduces to the remarkably simp
form

~m01p!s52DP2rP. ~4.13!

The necessity forPÞ0 follows from this equation because
is immediately clear that if the perturbed anisotropic str
vanishes (⇔P50), then the perturbed shear is also ze
(⇔s50) if m01pÞ0 and we have no perturbations~i.e. no
gravitational waves!. We note that the right hand side of E
~4.13! vanishes ifP satisfies the differential equationDP
1rP50. In this case we must haves50 ~since m01p
Þ0) and thus from the propagation equation~4.4! we must
haveP50.

V. SUMMARY

We have investigated the general properties of some g
ity wave perturbations of isotropic cosmologies. Specifica
1-5
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we have considered gravitational waves carrying arbitr
information. By this we mean that the perturbations desc
ing the waves have an arbitrary dependence on a real-va
function f(xi). Our main result hinges on two importan
properties: in order to have pure gravity waves the hyper
facesf(xi) must benull andshear free. Now our main result
~proved in Sec. IV! is that under the physically reasonab
assumption thatm01pÞ0 ~wherem0 and p are the proper
density and pressure of the cosmic fluid! the perturbations
describing the gravitational wavesmustbe accompanied by
the presence of anisotropic stress in cosmic fluid.
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APPENDIX: NOTATION AND BASIC EQUATIONS

Some notation and tensor quantities associated with
vector fieldui in Sec. II are required. Covariant differentia
tion is indicated with a semicolon and covariant different
tion in the direction ofui is denoted by an overdot. As usu
square brackets denote skew symmetrization and ro
brackets denote symmetrization. Thus the 4-acceleratio
the time-like congruence is

u̇i
ªui

; ju
j . ~A1!

With respect toui and using the projection tensor

hi jªgi j 1uiuj , ~A2!

the covariant derivative of the 4-velocityui ; j can be decom-
posed into

ui ; j5v i j 1s i j 1
1

3
uhi j 2u̇iuj , ~A3!

with

v i jªu[ i ; j ]1u̇[ iuj ] , ~A4!

the vorticity tensor of the congruence,

s i jªu( i ; j )1u̇( iuj )2
1

3
uhi j , ~A5!
,
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the shear tensor of the congruence and

uªui
; i , ~A6!

the expansion~or contraction! of the universe.
The Riemann curvature tensorRi jkl is defined by the

Ricci identities

ui ; lk2ui ;kl5Ri jkl u
j , ~A7!

and Einstein’s field equations take the form

Ri j 2
1

2
gi j R5Ti j , ~A8!

whereRi jªRk
ik j are the components of the Ricci tensor,R

ªRi
i is the Ricci scalar andTi j is the symmetric energy

momentum-stress tensor. We note that the coupling cons
has been absorbed intoTi j . With respect to the 4-velocity
field ui the energy-momentum-stress tensor can be dec
posed as

Ti j 5m0uiuj1phi j 1qiuj1qjui1p i j , ~A9!

with

qiui50, p i j uj50, p i
i50, ~A10!

and p i j 5p j i . Thenm0 is interpreted as the energy densi
measured by an observer with 4-velocityui , qi is the energy
flow ~such as heat flow! measured by this observer,p is the
isotropic pressure andp i

j is the trace-free anisotropic stres
~due for example to viscosity!.

With respect toui the Weyl tensor may be decompose
into its ‘‘electric’’ and ‘‘magnetic’’ components given respec
tively by

Ei j 5Cik jl u
kul , Hi j 5 * Cik jl u

kul , ~A11!

where * Cik jl 5
1
2 h ik

mnCmn jl is the dual of the Weyl tenso
~the left and right duals being equal!, h i jkl 5A2ge i jkl with
g5det(gi j ) ande i jkl is the Levi-Civitápermutation symbol.
The explicit expression for the Weyl tensor in terms ofEi j
andHi j is not needed here but can be found in@3#.
ity
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