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Properties of information carrying waves in cosmology
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Recently we studied the effects of information carrying waves propagating through isotropic cosmologies.
By information carrying we mean that the waves have an arbitrary dependence on a function. We found that the
waves introduce shear and anisotropic stress into the universe. We then constructed explicit examples of pure
gravity wave perturbations for which the presence of this anisotropic stress is essential and the null hypersur-
faces playing the role of the histories of the wavefronts in the background space-time are shear free. Motivated
by this result we now prove that these two properties arefouall information carrying wavesn isotropic

cosmologies.
DOI: 10.1103/PhysRevD.70.024001 PACS nunifer04.30.Nk
I. INTRODUCTION Il. EQUATIONS GOVERNING GRAVITATIONAL WAVES

Throughout this paper we shall use the notation and sign

In a recent paperl] the propagation of shear-free gravi- conventions of3]. For convenience these have been briefly
tational waves through isotropic universes was studied usingutlined in the Appendix. We are concerned with a four di-
the gauge-invariant and covariant formalism of Ellis andmensional space-time manifold with metric tengpr in a
Bruni [2]. In this approach the waves are represented as mcal coordinate system' and a preferred congruence of
perturbation of the Robertson-Walker space-time. The graviworld lines tangent to the unit vector field (with u'y,
tational waves studied also had the property that they coule= —1). The decompositions of the symmetric energy-
carry arbitrary information. By this we mean that the Ellis- momentum-stress tens®j; and the Weyl tensor with respect
Bruni gauge-invariant variables had an arbitrary dependence this 4-velocity field, along with definitions of the kine-
on a function. matical quantitiesr;; , w;;, 6, can be found in the Appendix.

It was found that the consistency of the partial differential In a recent papefl] we used the gauge-invariant and
equations governing the perturbations requires that all gaugeovariant approach of Ellis and Bruf] to construct gravi-
invariant perturbed quantities must vanish except for the perational wave perturbations of Robertson-Walker space-
turbed shear of the matter world lines and the anisotropigimes. The background metric tensor is thus the Robertson-
stress of the matter distribution. A wave equation for thewalker metric, the background energy-momentum-stress
perturbed shear was derived. In addition the perturbed sheasnsor is Eq(A9) specialized to a perfect fluid.e. with g
was shown to satisfy a propagation equation along the nul=0= 7'1) with fluid 4-velocityu' and the background Weyl
rays associated with the gravitational wayeee Eqs(2.7)  tensor vanishes. The Ellis-Bruni approach involves working
and (2.8) below. in a general local coordinate system with gauge-invariant

For pure gravitational radiatiofi.e. the perturbed Weyl small quantities rather than small perturbations of the back-
tensor is typeN in the Petrov classificationexplicit ex-  ground metric. These quantities have the property that they
amples were constructed for which it was shosing the  vanish in the background space-time. For isotropic space-
wave efQL;]ation.and the propagation eqqa;t'rtb‘ra(tj tr;]e ﬁ)]res- times the Ellis-Bruni variables are;; , u', w;j, Xij=hlu ;,
ence of the anisotropic stress is essential and the ers ' ' ’
faces playing the rolg of the histories of the Wavefroz'Ps arl%ﬁ:h{p'j L= o5, i G £, andH, (see the Appen-

dix for definitions of these variablesWe found that it is

shear f:ee.(;Ne nowtp_rove that theje twodprczpertltis are truellt%nsor guantities that describe gravitational wave perturba-
general and are not In any way dependent on the examplgg, s and thus we can set all Ellis-Bruni variables equal to

constructed. . . ] _ ﬁero except form;;, oy, Ejj andH;;. The equations satis-
The paper is organized as follows: The notation used an ed by these variables are obtained by projections, in the

some useful equaFions are given in the Ap_pendix and referregiraction of and orthogonal to the 4-velocity, of the equa-

to where appropriate. In Sec. Il we outline the results ob+jons of motion and the energy conservation equation con-

tained in[1] which we use in the paper. The first of our tained inT',;=0, the Ricci identities and the Bianchi iden-

results is also given in this section. The elements of thejties (see the Appendix These projections give rise to a

Newman-Penrose formalism necessary for this problem argngthy list of equations which can be found][i.

described in Sec. Il and the main result is derived in Sec. IV. Wwe specialized to a particular class of gravitational waves,

The paper ends with a summary of the results of Secs. Ill angamely those which can be viewed as carrying arbitrary in-

IV. formation. To incorporate this into the Ellis-Bruni setup we
required that the gauge-invariant small quantities have an
arbitrary dependence on a function. Specifically we assume

*Email address: emer.oshea@ucd.ie that

0556-2821/2004/7@)/0240016)/$22.50 70 024001-1 ©2004 The American Physical Society



E. M. O'SHEA PHYSICAL REVIEW D 70, 024001 (2004

7T|J H|]F(¢)n 0'|] S|JF(¢)! (21) Eij: %Hij_.sij_gesi]— F—(.ZSSH-F’ (29)
whereF is an arbitrary real-valued function of its argument
¢(x'). This idea of introducing arbitrary functions into solu- and
tions of Einstein’s equations describing gravitational waves
goes bacI.< to .work by Tra}utma[m] and this form for the Hij= _S(il;mnj)klmukF_S(il77j)k|muk¢'m|:, (2.10
Ellis-Bruni variables was first used by Hogan and EJ&g.
Using the projections of the Ricci identities with;=0  whereF'=0dF/d¢.
=u' we can write We are interested here in pure gravitational wave pertur-
bations, i.e. perturbations which have pure typpperturbed
1 2, 2 K vkl Weyl tensor in the Petrov classification. It is easily checked
Bij=5mj+ 30 hij — 3 00ij— oo i—hihjow (2.2 using Eq.(2.4) that theF’ parts of E;; andH;; above are
automatically typeN with degenerate principal null direction

and ¢''. However theF parts ofEj; andHy; are not in general
knl — pig ; type N and so to describe pure gravitational wave perturba-
Hij=—hihjo ™S myrpqu’. (23 tions we requirgsee[1]) that
Thus these variables are derived frer and mr;; and it is 's”¢>,j=0, sigp k—ske 1=0. 2.10)

not necessary to make any extra assumptions about their de-
pendence oif(¢). We note thafll;;, s;; are orthogonal to

; —— 3. l=u—Lk
u' and trace free with respect to the background meggic Making use of the null tetrgdkl ¢ ¢' l l,J' 2Ki,
Substituting Eq.(2.1) into the linearized versions of the andmi, m; a complex covariant vector field and its complex

equations satisfied by these variables we find shaandII!  conjugate chosen so that they are nailify,=0=m'm;), are
are orthogonal to the gradient ¢gf and divergent free; i.e., orthogonal tok' andl' and satisfym'm;=1 we find that(see
we have [1]) the conditiong2.11) are equivalent to

sl¢;=0, Il¢;=0 (24 s¢p . mi=0 (2.12
and and

si;=0, II';=o0. (2.5 _ . S
' ' S i mm =s¢;;mm. (2.13

Also, with ¢:=¢>,iu‘¢0, consistency of the equations re-

; itgil iy
quires that In terms of the tetrad we can writg’ as (becauses'u;

=0, 5;=0, s'¢ ;=0 and sos''k;=0 ands';=0)
g'¢id;=0, (2.6)

whereg;; is the background metric. This means that the hy- .

persurfacesp(x') = const in the background isotropic space-Where|s|?=3s'ls;;. For future use we point out here that
time playing the role of the histories of the wavefronts mustll" can be expressed on the tetrad in a similar way: namely,
be null. The wave equation fa,

sl =sm'mi +smim, (2.19

I =Imm/ + TIm'm. (2.15
2 .. 1. 4 o -
sk — 595”— 30t 592 sl+|p- §Mo>5” We emphasize that we are usififj here for the complex
component ofil12® to avoid confusion with the spin coeffi-
_ i E oI 2.7 cient w.appearin.g in the next section. Ta_Lking the divergence
3 ' ' of the first equation of Eq$2.4) and substituting fos" from

Eq. (2.14 yields (sinces'.;=0)
and propagation equation fax; along the null geodesics

tangent tog", (sm'm!+smiml)¢ ;. =0. (2.16
1 1. 1. Comparing this with Eq(2.13) it is clear that for consisten
ookt 1 o paring this with Eq s clear that for consistency
Sijikd +(2 ¢ 3 0¢>)s” 2, (28 (with s#0) we must have

are consequences of the Ricci identities. We have ugged ¢,;;m'm =0. (2.17)
here to denote the energy density of the cosmic fluid to avoid _

confusion with the spin coefficient used in the next sec- Thusthe hypersurfaceg(x') =const which play the role of
tion. The internal consistencies of these equations weréhe histories of the wavefrontsiust be shear freewith s
checked in[1]. Substituting Eqg.(2.1) into Egs. (2.2 and #0, Eq.(2.12 becomes

(2.3) we find that the electric and magnetic parts of the Weyl _

tensor are now given by ¢;;m=0. (2.18
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This condition corresponds to the vanishing of the spin coWe will use these facts in the next section when we examine
efficientst, v which we shall make use of in the next section. the wave equatio(2.7) and the propagation equati¢2.8) in
this formalism.
I1. NEWMAN-PENROSE FORMALISM In the tetrad formalism the Ricci identiti€&7) read

For the remainder of the paper we seek to demonstrate R~ =— YabedT Yabdet Yoar Ve a— Ya'e) T YiacYp d
that the presence of anisotropic stress in the perturbed space-
time is essential for the existence of pure gravitational ~ Ytad¥b ¢ (3.10
waves. We find the most effective way to do this is to make
use of the Newman-Penrose formalism. A comprehensive devhereR,;,.4 are the tetrad components of the Riemann ten-
scription of this formalism can be found [8]. Specifically  sor. An alternative expression for these components is given
we choose the tetrad described after Ey11) and we label via the definition of the tetrad components of the Weyl ten-
the vectors as follows: sor: namely,

D=ki(9i=ei1z9i, Azliﬁi:eizﬂi, 1
_ _ - _ Rabcd= Cabea® 5 (7acRoda™ 7bcRaa™ 7adRoct 7baRac)
o= mlai:el:;,&i , §*=m'o7i=e'4&i . (31)
1
The spin coefficient§Ricci rotation coefficientsare de- - g(’lacﬂbd— Nadbe) R- (3.11
noted by yapc= — ¥pac- It follows from Eq.(2.17) thatk' is

shear freg(i.e. k‘?imlmjzo.) and a simple calculation using Here Ryp= Rijei,jle{J are the tetrad components of the Ricci
the fact that we can writg ,= (;/),b):+%0h‘é¢,c shows that  tensor,R=o—3p is the Ricci scalar andyy,:=e.e;,=0

[ H H | — I

k' is also geodesic witlk ;jk'— 30k'. As a consequence of except forgi,= 7,1= — 73s= — 745= — 1. In general we la-

these properties the spin coefficieatso, N and 7 vanish. g tetrad components of tensors usm@,c, ... and coor-
We again point out that here is not to be confused with the 4inate components usingj,k, .... Making use of Egs.

complex componeritl of I1V. As previously mentioned af- (ag) and (A9) we find that the tetrad components of the
ter Eq. (2.18 the spin coefficientsy and 7 also vanish.  packground perfect fluid can be written in the form
Therefore, for the problem at hand the only non-zero back-

ground spin coefficients afe u, v, €,a, 8 with 1
1 Rab= (ot P)Ualp+ E(Mo—p)ﬂab' (3.12
p=- §¢7l¢'a;aa (3.2 _
where u,=uje, with u=Il;+3k; and thus u,
1 1 =(—1,—3,0,0). Hereu, are the tetrad components of the
pw=5p—3 0, (3.3  4-velocity of a fluid particleu is the proper density anglis

the isotropic pressure. We shall always assume that p
1 #0 so thatR,, has a unique time-like eigenvector. Evaluat-
€= =(Y211F Y341, (3.4  ing the various components of the Riemann tensor using both
2 Egs. (3.10 and (3.11) (we use the commutation relations
involving the operator®,A, §,6* to do thig and then equat-
(3.5 ing the two different expressions obtained yields the follow-
ing 12 equations for the derivatives of thackgroundspin
coefficients:

1
v= 5(72124‘ Y342),

1
a= 5(7214+ Y344), (3.6 1
Dp=—p2—(e+e*)—§(,u0+p), (3.13

1
== + . 3.
B 2(7213 Y343 (3.7 Da—56*e=—a(p+e* —2€)+B*e, (3.19

Using Yanc= — ¥bac @nd noting that the 4-acceleration van-

ishes in the background we find that DB~ de=p(e* —p*)+ea”, 3.19
+ *—10 +e* = 10 3.8 Dy—Ae=2 * 4 €* ! ! 3.1
vty =gt eter=—30, (3.9 y—Ae=2eytey" +e'y— Zuom 4P, (316
where, following Chandrasekhar, the star denotes complex 1 1
conjugation. In additionp is a real-valued function and thus Du=—up*+pu(ete*)+ 2P~ oMo (3.17
p and i are real and we have
p—p*=0, u—pu*=0. 3.9 dp=—p(a*+p), (3.18
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1 and it is straightforward to check that this agrees with one of
Sa— 6" p=—pp—aa*—BB*+2aB~zpo. (319  the standard commutation relations. Thus we caneset*
=0 andy— y* =0 without imposing any extra conditions. If
5* = +8%), 3.2 we assume that the third equ.atlon of 'E(&'Bz) hqlds, then
p=plat ) (3-20 Eqg. (3.19 and the commutation relation involvings, 5* |
are consistent only if we have

1
Ap=p?+p(y+ Y*)+ g (ot p), (3.21

1
W p*+ pp= = 3 ko (3.34
Sy—AB=2By+a*y—uB—Bvy*, (3.22

1 Sinceu,p are real, this simplifies to

1
Ap=pu* —p(y+v*)—=p+ —uo, 3.2
p=pu* —p(y+y*) 2P+ Tok0 (3.23 1

2up=— 3 Mo- (3.39
Aa— 5 y=p*a—B*y—ay*. (3.29 3

As a result of the fact that so many of the background spirBEplaCing'“ here by Eq(3.3 yields the quadratic equation

coefficients are zero, the remaining Ricci identities give no _
further information. We note that we have made use of the 3p%=20p+ po=0. (3.39
vanishing of the background Weyl tensor in this calculation.
Also for clarity we refrain from substituting for the spin co-
efficients from Eqs(3.2—(3.7) until the very end.

Under the(class Il) rotation

In order to havep real we require

Kk, 1=l moeem, mi—ei*m, (3259 Heredisthe expansion of the universe with 3R/R where
R(t) is the scale factor of the general Robertson-Walker line
where ¢ is a real function, the non-zero spin coefficients €lement and the overdot indicates differentiation with respect

transform as to t. Using the background Einstein equatios; = (o
+p)uju;+pg;j, whereG;; is the Einstein tensor, we obtain
p—p, (3.26  the background Friedmann equation
M= (3.27 g 9k (3.38
L Mo R(t)z’ .
y—y+ EiA¢’ (328)

wherek=0,=1 is the Gaussian curvature of the homoge-
1 neous space-like hypersurfacés const. Comparing this
-, with Eg. (3.37) we see that if we impose E¢3.34) we can-
evet 2 De, (3.29 not continue to study universes wikh= + 1. However, if1]
we constructed examples of information carrying waves
. o propagating through such universes and so we shall not insist
a—e "P‘”E'e ot e, (330 on havinga— 8* =0. Thus from this point we assume only
that we can sety—y*=0 and e—€* =0 without loss of
' 1 generality.
B—€'?B+ Eie""&p. (3.3 We complete this section by listingn terms of the spin
coefficient$ some derivatives of the tetrad vectors which we

From these transformations we see that we can in principléIse extensively in the next section:

rotate awaye—e*, y—y* and a— B* (that is, we can as-

m=(a*— .
sumee, y are real andv= B8*) provided the functionp sat- MM =(a™ = B)m;, (339
isfies - —
m;;jm'=(a—g*)m;+(B—a*)m;, (3.40
De=i(e—€*), Ap=i(y—y*), dp=i(a—p").
(3.32 my M= — u*ki+pli+ (8 —a)m;, (3.41
However, before we impose these conditions we need to K = )k 34
check that they are consistent with each other and with all sl == (y+ ki, (3.4
other equations. Suppose the first of these two conditions J.
hold. Using Eq.(3.16) we find m;;jk!'=0, (3.43
DAe—ADe=2i(ey—€* v*) (3.33 m;,;11=0. (3.44
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IV. KEY RESULT We have also used Eg€3.9), (3.9) and (4.2) to write the
quation in this form.

We now turn our attention to the second term of the wave
equation(4.5). As a consequence of E(2.14) we have

. . e
We now have all the equations necessary to derive our
result from the wave equatiof2.7) for s' using the propa-
gation equatiori2.8) and the divergence-free conditi¢2.5).
To begin with we examine the divergence-free condition. i I =
Writing this condition in tetrad formalism using E¢R.14) s'mm;=s+2smm;, (4.8

and then contracting with; yields where the overdot indicates covariant differentiation in the

§*s=—2(a—B*)s. (4.1) dl.re.ctlor_1 of tht_a.4—v_eIOC|tyg . ertlng_out thls.derlvat|ye ex-
plicitly (i.e. writing s=s,;u') and noting thati'=1'+ 3k’ the
Thus we now have an expression for the derivativeiofthe  above equation become®n account of y— y* =e—¢€*
direction ofm'. In terms of the spin coefficients we can write =0)

3 1
= Ep_B’“ (4.2) s'mm;=As+ EDS' (4.9
and The anisotropic stresd'! satisfies the same equationssis
_ [cf. Egs.(2.4) and(2.5)] and thus we also have
bi'=—2¢p. (4.3 1
o Timm. = _
Multiplying the propagation equatiof2.8) by m'm! and us- T mym; = AT+ ZDH' (4.10
ing these expressions we arrive @ince ¢ ;= — ¢k;) the ) ) )
following equation for the derivative afin the direction of ~ NOW reconstructing the wave equatiéhd) using Eqs(4.7),
Ki- (4.9 and(4.10 yields
3\ 1 A 1 3 1 3
Ds=( —Ep)S-FEH. (4.4 SAp=2Ap=2\g0-pllu=5p| =30 n=5pP]S
Similarly we multiply the wave equatiof2.7) by m'm and + p+ Euo)s— E'm_ fgz)s
this yields 3 379
ij ik 2 i 1. 45 1 =—EDH—£0H—MOH. (4.11
S ;kmimj—§03 mym; — §0+§0 S+ _§,u,o S 2 3
o 2 The background Raychaudhuri equation is
=—H”mimj——0l_[. (45)
3 11
) =~ 56— 5 (1ot 3p). (4.12
Writing s, asg*'s.,; and using Eq(2.14 we can[on 3 2

substitution from Eqs(3.39—(3.44)] write the first term of

this wave equation as Making use of this, the expressions fdjx andAp given by

Egs.(3.21) and(3.23 respectively and Eq4.2) we find that
sk, m; m;=2[ 8(8*s)— A(Ds)]—2(y+ y* — u)Ds the wave equatiori4.11) reduces to the remarkably simple
' form
+2s8(a—B*)+2(B—a*)5* s+ 4(a

— B*) 85+ 288* (B— a*)—2p* As+8(B
—a*)(a—B*)s—2(u*p* +up)s. (4.6

ReplacingDs here by Eq(4.4), 5*s by Eq.(4.1) and using
Eq. (3.19 to write 6* a— 6B (and its complex conjugakén
terms of undifferentiated spin coefficients this equation sim
plifies to

(pmo+p)s=—DII—pll. 4.13

The necessity fofl # 0 follows from this equation because it
is immediately clear that if the perturbed anisotropic stress
vanishes £I1=0), then the perturbed shear is also zero
(&s=0) if ug+p#0 and we have no perturbatiofis. no
gravitational waves We note that the right hand side of Eq.
(4.13 vanishes ifll satisfies the differential equatiddIl
+pll=0. In this case we must have=0 (since ug+p
#0) and thus from the propagation equati@4) we must

S havell=0.

Uik mimy=| —2Ap+3Ap—2 19— 3
ST kmim; iz p g/~ 5P

2 2 1 V. SUMMARY
+ §0AS+ §,U,OS—(€0—,U,>H—AH.
We have investigated the general properties of some grav-

(4.7 ity wave perturbations of isotropic cosmologies. Specifically
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we have considered gravitational waves carrying arbitraryhe shear tensor of the congruence and

information. By this we mean that the perturbations describ-

ing the waves have an arbitrary dependence on a real-valued 0::ui;i , (AB)
function ¢(x'). Our main result hinges on two important

properties: in order to have pure gravity waves the hypersufne expansiorfor contraction of the universe.

facesg(x') must benull andshear free Now our main result The Riemann curvature tens®;,, is defined by the
(proved in Sec. IV is that under the physically reasonable Rjcci identities J

assumption thapy+p#0 (where uy andp are the proper

density and pressure of the cosmic fluitie perturbations Uit — U= R U (A7)
describing the gravitational wavesustbe accompanied by Fitke Tk R
the presence of anisotropic stress in cosmic fluid. and Einstein’s field equations take the form
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=R, is the Ricci scalar and;; is the symmetric energy-
APPENDIX: NOTATION AND BASIC EQUATIONS momentum-stress tensor. We note that the coupling constant

Some notation and tensor quantities associated with thas b?en absorbed infy; . With respect to the 4-velocity
vector fieldu' in Sec. Il are required. Covariant differentia- f1€ld U’ the energy-momentum-stress tensor can be decom-

tion is indicated with a semicolon and covariant differentia-Posed as
tion in the direction ofu' is denoted by an overdot. As usual

square brackets denote skew symmetrization and round T=pou'u'+ph'l +q'ul +glu' + 7', (A9)
brackets denote symmetrization. Thus the 4-acceleration of
the time-like congruence is with

uti=u'jul. (A1) q'u=0, @u=0, =0, (AL0)

With respect tau' and using the projection tensor i i .. .
P g prol and 7''= 7", Thenpu, is interpreted as the energy density

hij=0;; +uiu;, (A2) measured by an observer with 4-veloadify q' is the energy
flow (such as heat flowmeasured by this observgr,is the
the covariant derivative of the 4-velocity,; can be decom- isotropic pressure and'; is the trace-free anisotropic stress
posed into (due for example to viscosity
With respect tou' the Weyl tensor may be decomposed

1 i . . « - « - .
Uy = oy + oy 5 By~ Gy (A3) ![?\Igl)l/tsbyelectrlc and “magnetic” components given respec-
with Eij=Cigu*u', Hj=*Cy;uku', (A11)
wij = Ui+ Ug Uy (Ad)

where * Ciyj; =3 7ik™"Cpn; is the dual of the Weyl tensor
the vorticity tensor of the congruence, (the left and right duals being equiaby; = '~ gejj with
g=det(g;;) ande;jy is the Levi-Civitapermutation symbol.
The explicit expression for the Weyl tensor in termskgf

(A5) andH;; is not needed here but can be found &}

. 1
aij=Ugi;j T ugup — 3 0Ny,
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